


1.1 Graphs

A groph s oo pair G=CV, E) whre V 25 o« cot culled
vertex st anl £ 7s o set ga wnordered  podrs in /- £ s
colled the alge set.

g V()= verte sgt of G

E(e) = eoge st o G

e ‘bL "bC (’ ) ) ‘ﬁk w, 5

We wilt wre uL”v 7‘5r e edge S w v
Ca )

|G| = |v(6)]

ele) = | Lo

@fmwh: sometimes we will fove mmoﬁrle e0f78.s betuween. w ond o

In dhot oge , G 2% o muL‘Hjmpk
We awill semetimes have /oors which ore eo(ﬂc (v.v)

A simple groph s one  withost loops and mubtiple esfpes .
D‘f- ~u,vE V(G) ore clled  adjocent i (w,v) € ECG)
- An edge e 6LCs) s ancident o v € VLG) ¢f vée

—Edjes e.e e LCe) ore ncident -i'f ene'td

-1f twwne ECs), then v 1s gegAénur‘ g‘ @



E K O Pf€§
— V= set of people 1n  room
E- Pou\l‘s o‘f- PeoFle who  met ~Lhe first time todloy

— V= set B‘f aties i g oowrhy
E-= -{%rm connection

— V=uwsers on Facdoak

E- -fn'er\d-s
, 3 N b
D_M “+ ol l C
j_. 2. G] (‘uf;l\ 150 mormism @ '%*Q

VCG() - VCG.\_)
?/‘- G,"C—;z Is a 3"’?“ 1‘;omorphfsm

'f‘l: it is a bf\jer:{;r‘on 747»1, V(&) 40 VC(6G,)
ond Cum € TL&) Sff (Fuw .)€ E(a)
gzﬁu)ra $Crr=C
6 3)=b Frar=d
lsomorphism s an equivmlence relocti on.

Unlo\l)eileo{ groph = fsomorphismn  class

( equivalence eT' the rsomerp‘nism reloction )



15 Ao&jel\cy omd  Tnciolente  matrix
let, G be Qﬂmph with  verter set [rd:{l,)-, 3 on)

1 ;fc-.‘,j)eEC G)

The adjacency mertrix ACG) s an hxn  motrix Such that A;J;i ot

/\/m‘z “thot A«‘j;Aji so A 75 Cymnetrr‘c- ard  reol

so A hos re| cf;envulu,es T

0
|

0
v

G] s A(6)=

oaco—09

[ 0o 0
0 | ©
{ 0 I
| o |
V] | O

let VCo=fvo, v, -~ %l ond ECo)={e e~ en]

Then ~bhe tacidence mortrix BCG) s nxm  mabrix  suck —bhot

1 'T Vi 6 Er
%1‘\1 :i‘ f ’

O , otherwise

Observction: every clusn of B hos two ontries ot are equa| 4o L
1.4 D@me

Given a wverter v6 V(6), we write N(v) for Hhe set of neighburs of /.

Ne) s clled —he noighbour hood rf‘ V.

The degree olevy = | v |

A verter 1s  isolated q‘lf din=o



0((\/) 7s Uhe number Of 1 entries M The row oorﬂesPonol/‘/j

4 v n ACG)

B (6
E’KOMELQ ‘ 3 dl)=3 olcet) =1
v ol(2) =2 Aeh=lo
d (3 =2
> 4
AdCoy == b
Eact  BET=D+A whee D=| i .
o - -~ . 0{U\)

(B BT)T)‘ = g—% Bix %Trc\)‘

m r
=l E{ Bn‘k Bjk =< % ﬂi'l/(eequﬁeekj

_ i.ﬂ.[i}‘)GECﬁw), { 3]

AWy -
“The minimun plegree o‘f‘ o smph G s the smallst oAlv) over ol ve§
MY ' A larﬁes‘f;
S(_Cﬁ): Minimum dcgme A CG) = moaximum dejna
- = olw)
The Qverage. degree i G is A (6)=_veve ™~
| vee|

A ngh rs d"reﬁw\ar ff‘ devy=od ¥ VE'V(G)

Q- 1s there a %~r€3u\lw 3mf>h on 7ver-b1‘oes\2

lemno: . oh00= 2eL6)



/F(wf: Eoch coge () € LCG) contribites D o the sum =W s one dewy  andd
one  qa  d(v).
1.S Subgraphs
A graph H=(VU,F) s @ subgroph of G=(V.E)

'ff UQV ond F CE

Induced subgmph s For each ) € V() ~the Induced  subgmph GLu] s the grph

with vertex sef U and edJes set feéELGl): e QU}

gronnh\j mbampk: I‘f H=CU,F) s a Subjmph a'j' Getig) and U=V Hen H 5 -the spwmirg
{ 2 | 2
izl
j =
but nofr Sponni
S J
Z S‘Fm\m‘f\j
noet  Taduced

1.6 Comp/ete groph

S‘ul()yrapk inG

¢« Kn  complete graph on N @rtices
We take wll eo(Jes befween N vertices
_ nn-1)
e (KV\) T 5%

« E, @mp‘{:y 3mph on  rtiees  ho eo(gcs.



. BI\FDW“&& 3mlﬂh }\I'A,S ‘o dIS}\Ol‘n't _ge"b V‘F Ve(\‘b;cgs (./0'7\0( V2

such that Y v 6 UuV ond every 61/[7? contains  ene vty f’""‘ v
a,no( one  ver tex ’fh’”‘\/

=

'CﬂmPlc'ie bIPar'f'ffe ijh
Knn hos ol possible ayes betweeh o get offfze N ool

o set size of m

Examples
RSP o é
1? Walks Porf:ks, c7/c.l€5

DET- A Sequene vertices (v, Vo, -, Vg ) s o walk

i (vi,vin) € ECG) ¥ st
vy=Vy§
WV
V3
Vy \/q

A wlk Cvivi,--,ve) s a pocth 1‘-]: ViUt ore olistingt



A cycle 5 oo owalk Uy, - V4) such thot

V=Vt ank Vi, ~ V4 owe  olistinet

“The ler\jth of o walk s —bhe number of 6765 ( countent

I’Vl(LL‘tfPle times ]Qr\ 601525 [,4.,59_0( (n rhw[ﬁple ‘{_A‘MQS) i the walk.

PrOvaiﬂon- Ex/er/ wol ke fmm w to v confans o
PO\'H/\ 'F""W\ w t v

_vaf: B7 indectin  on the ler‘j% of the walk

]ﬂc lfyﬂ\= L, e correct

Toke oo walk (v, Vo, -, V) ]Crom U t v

Either this is a pith or 39, such fhot 5=V

37 mmwinj Ye verticas Ve, Vi, ‘",l{j-l

onol rher\f W onol VJ‘

70w J#‘f/ o Chorter wolk 'ﬁv"’) U to Vv



FroPosH/?or\ | .23

Euer/\/ gegh G with  peime dleree § 220 confohrs
o mth of lgth b oandl a e of leqth ob ket 571
%ﬁ.
Lot - vk be a et pcbh jn G Then

ofl  bhe ne\i‘jkﬁou,m o Ve st bd&(j to v, - Ve

2 SHEE
So we hae k*l}é‘ ;> k?_ g+l PSponth

U 4 &
® F V) 22
Repmark ¢ sige
o fT L gsAaY o 2.
I Vi Vi, Vi1

We hawe also proved that o groph with 5‘_}&\/. o Ves P34 %

ininin dyee $33 coreis o f 8 bt e 2 L avTR— A
JA _ﬂi ~ C
§-1 different  lengths. This Tact, and th B4 , .
eren engths is Tact, a e /~/\\/h-—7('&‘34}_?\'3& §C,V|c5/T

statement of Prop233, are both -tight; foo see el N . )
1 ég: kl:l - A
this, consider the complete gmph G= Kt P ﬁéh“’ﬁa_'z}(' T ‘ﬂgjb
§ 4l & A

LY G?nnecﬂm‘ij AR 43

' ion - \
DQJC((\ on ’/_\ ﬁmf)h G s cf)nnggfea( /f 7@,« all ’m,,‘/\\g
wv &G, thoe s o poth i Gn 7¢DW\

nw ‘o 4



Note ot 16 Suﬁtl\ce.s q@r Yhae to be o
walk ffﬁm w to V

BEaEnaceeRit et
wnw&’ﬁeﬂ( pyt  connegtool
Dgf’ A (Cpnneoted) COann@fl-f; cf 6 s o Canr\ed?é(
Q%bgmph which X moximal vt respect  to Incluson

We say Hot G is connected 17? £ has exac/:f/v

one  component -

PmPoci +on [39.
A ng}q with ~ vartices od m eo&e_c has o least

n=m  connectel con/..?ongnfr.

!’7 G,mPh operm‘bion,s ond! pqramew’:eﬂ
Def Griven GZCV/E), ‘ﬁ/\e Com})/emg,,-f, é o‘,t 6 s ~the

ngk on the some vertex st |/ and Cu,v)GECC:)
”\ﬁ Cuwy ¢ £(6)



bﬁf A (‘/07[/\6 I~ G s Q CamP/e—te wajrwfk " 6
An F/\dependenf ot s on 9”77 taduceol waﬁmpk wo G

Notstion. Let  wC(G) be the number 5f‘ vertices 1 a c&‘7ve of
G o{‘ POXimum  SIRC.
Let o (&) fe fhe number of vertices in an tnclependent et
of G ‘Tf moximam  Size.
Caim A vertex subset U S VCGD 35 o ch'e’(/te G, rff USVCG:-)
s O indepndent st in —é

Coro“ay : We hwe w(G) = d CEl>
ond A (G)= wCk)



2. Frees

2.1. TTrees

Def- A guph houig no cpele s acyolic.
A frest s an  acyolic greph
A 4ree s o conne oted acyclic grph

A [eo»]c s o vertéx of‘ olejme 1

Every finite tree with af leost 2 vertites has ot Jeast twn feones

DLfc‘h‘:y q_{af from on n-vertex free produces o ~tree  with n- | ertiees.

w,w € G;i there S & PQ-EA betueen 1 and o
n‘f v n bhe path.
Adv) 2 o
but A s © lﬂo‘f, ol F |

o Vv Cont  be 1N ony fafch, Jor ol vow € le
o G s skl connec—eo|



D.2. Equilet definition  of- trees
Theorem + For & m-vertex groph G( m31), Hhe o%m‘g ore  eguivalent ( anol
choracterize the trees uMh n ertices)
@) G s omrected and  has no cycles
th) G oI5 comectd  and  hos pol edges

<) G hos nd cdjes ond no  cycles

For every  poir wv € VCG), here i exaotly
one  wyu-pth &

Déf{: An edje o‘f a Smph s a cut ~edge l‘fifs delection  dis connects  the 5mph

Loma  An edge contoined Ia ac)fdc ’s mt a cnt-che

L Proﬂfﬂ_ let @) beff"tj to o Oydc
any  poth fom x oy in G which wes edje (w,v> con be  extondeol

4o o walk o G\ Cuyy.

In porticaler, this s a welE  ia G\ Cuw

3#6— Wy _%/S%%P&ﬂ’l ?/ 62

vz\») /LM@ CK"\’}) ¢ PN &
o) PR\ Tyl RRAT] Y el



Dcf -')—’7 GI\U&/\ o comected gmph G, @ S'/?ﬂllﬂi:t] tre T s o subgmph
uf G whch = o dree onrd contsins ewry vertices of G.
Coro”ary 2.8
@) ewry Connected  groph on n iertices has ot least n-l edges ond contains o spanning “free
) Eiry edge of a tre is a cut ~edge

«) Addr‘j on edge & a -ree  Crestes ezacfbr ae  oyde.

DI Cay[e\/‘s \/[o Crul o

Question 2—7
How mary annm‘,a trees o there i~ o n-vertex  Iobefled Complete  grph

E Xowmple | !
n=3 - L /\
= o 3 4 >
ns¢  Olegre Y ﬂ\ 2 ‘1’

or %7 verte  hos D(NﬁV?zQSD_ [b ' foto |

4 |

—_— ]l
2

———— =

Theorem  ( COxyle]S ‘ﬁrw lon >

Thae ore ' [abelled —trees  on  povertires -



Pﬂ’ﬂt L1

We wilh construct oo bjection between n-vertex lalelled free onol  sequences
of length 12 in which each elemet s ta Lrl.

A
Numbers 6Jt such sequores s N

D@ﬁr\?"b‘on C Pnzfer cooleD

Let T be o 4ree whor vertec set (s Stme orvlered sed S
7

OJC Size. N - —ﬁr e/scom\Ple, Cr]J

n-2

][C—D s o sequence S

We delote the lef~ whoie [abel s ~the shallest Camozj te  [emes)
Call Hhis vertex ar.

U has unique neiyhbour in T The fisk cloment of FCT) i
Aefine o5 the nbel of Ahis neighbour.

Then itente ts  with T-u

Evenmlly, when we hae 2 vertices A‘,ﬁ‘,:‘/\ the bree, we stop.

Thes o(éﬁ‘/\es o sequence 'f\CT) n Sn—l
N

T:“ﬁﬁ—* T4 4 1z

A ST 3y 3 33 [ ) ()



FNFOsI‘HDH:
The mop T LTS 1 o blectin between froes [abhed S
o &7
fo
By MAUctimn  sn  n
A=2  Trifal v
nN>2, How to got o <ree Trom o scquence,
C Oy, oty ==, Onn ) 6 Sh’é
Claim. Y—JL SCD= @, 00,55~ Ons) bhe,
Ta, == 0} 5 e get of noncleaf
vertices in
Prwf‘ o Cloim: 1‘75 v is o I@f,ﬂen we Conrol remoe
e nie Rejgh boar of v Eeﬁre v (o thoy  waulol  ohiomect
e groph ).
Hene , v will not oppear 1N Yhe sequena
v ois et o leof Hen It hos ot lest b
hu‘Jhbmn a1

Be_f‘"ﬁ We_ remoe v, we mwt remne of fest  ore



]c: (/7/4,4‘, L, 7/() 7[’{4‘/l/—|l’) —

v=2,

v=15%

| Y 3
f=ca, 410.01) iy Tt T
J
|4y
Y

na‘jv\bour of v-
At Aot point, you ook the [abel of v to the guens.
The leofs sf- smllest lobe/ s bhe misine| elewent rn
e set S\ o, ~, any .

h/ Clain, Hense  of FT) = (@, =, 0tp-2)

Then | the minival feaf: oF T N the sl elerant

in S\ Yo, = i oma ), Gl Hhis w6 S

Then  let T'= T-v Then, FCTv)= (o, 00
T

There s o Unique ' Cb7 facluctin) wi i f(,T') = (o, -, Orps)

T must be ‘ﬁﬂneo( b]’ a‘H:mbkl'lj bhe eolje Cv,a) T’-

> 7

(/\ ‘—P

v=X

JL(_lr7;’) LT

—

> ]

—_—

. 4 j—(,ml) 5
— V= b

b
j’LL) EO20 AR D

v=T T 1



ol




D&: A olirected 8YU\PP\ [O{fﬁm‘ah) congists o*f ou
vertey seft onmd  Op eddge set cﬁ” orvleresl
PDH\FS o‘F verfice s .

1 —odlegree / (9mt~otfiv69 7\%\ /Zﬁifg\

To exch functin &/DJ — n],

Z wmly ousS[jrh o tree  wibh g gpcoial verties L ond R

Gotven fT) = Th]
I wont £ define a oh‘jmph G{— on wrtex sof [n)
by hy o dicied etge Gifd) for esch €[

Exmte-.#_(l 134re7xﬁro>

} & s 91 2 538347

| 7

! b 4<Z>°’
T R 14

2

Gy =

Every connecter| oom,;onaﬁ‘f: has  as mowy  edges as vertices.
Leach vertox hos ot vlegree 1)

Coch mrem-\‘/ luxs o ul\l\lr% o/de



Pelete all oyCles

We Fu\t o path on bhe verts ces o‘f these ch{es:

let M be the set of wertites in dhe oycle.
JC'O(EHH&S a bUecﬂ'm Trom M o —if&elf

:va\: ( Al e B \//<> Vi <Ua - LKl

j(Vl) j‘(%) - ][(Vlc
Fovo fuy = foks X a pematation of  vi -, ok
Pat o Pol'H\

M __i— i gtvv

L R



Co npeteut —Ej

Def— In o connecteo jmfh G, a set SCV(EG) /s a vetex
cut lor cut) f  G\S s disconnectesl .

Hee G\S = GLVGI\s]
lf f\/s s o« vertex cut, bhen we §a7 v 1s  a cat vertex.

Def- A goph G s k-wmnected I [VEGDF e F S s a verter
set , then [SIZk

(iief for eory XCV(H) of size ot most k-1, G\X s comected)
The wrtivty of G, denoted as  K(G) is the lorgest K such bhot

G s k- tnnected .

Erample-| & LKa) = n—1

k CKnw) = min Cn, m)

1—connected. € connected .
on\y for G with V(&) 7]

Proposition|  for every graph G, kK CG) < §(a)
PMf © | We need to prove ot either

We. can remove at most O(G) wertices to make —the gruph olu'sconnected

or |Gl s 806+




Let v be a vertex of degree. S L6

L S= N pow G\S s rot  comedted.

unless thee o no  vertices Ia G outsile of 3 UA(v)
In the befter case, [GI<1t §(G)

Remark. Lorge misimn degree oloes not imply lomge  commetinty .

For exomple. “two  odioist copies of K

“Theorem Every graph of aweroge d(’jme ot lest 4k has & k~commected Subgraph. .
(Moder [972)

pre=T




Def,

Reomark

3.2, edge  conmectivity

A dis omrect/‘/y sot  of edges s some F £E(6)
such thot. O\ F Js not comected

Gien ST C C6Y, we write [6,TJ ﬁr‘ Yhe
ot of edge s with one endpoint Tn Sand e other T
An edge b s set o edges o dhe form
£S5, 5] fr some nowempty and pmer S CYCG)
Ever7 edge=caf s disconnecting st .

Mot over f (}‘l‘swnnet:bl\fj sof. s on edge et

gv\{ cmery mfm‘vwa' dl‘smne(;ﬁ‘:\j set s on edﬂt et

A 8"0\PP\ IS )2— dﬁg’wnnecﬁd r‘{- overy d—l‘swnl\edﬂ'rj set hos size ot [east A
The edge connectivity of & deroted K(cy is the logat k sk fhat. G s
k-edlge.  conpetor. (_@ s mlnimam Size of @ dl\swnnecfl‘cj
set 1 K (G) \ .

/é ) oiiswnvsec(:l‘j set of she 1 s colled Arv‘dﬁe_




Theorem For every ngh Q. we have k(6) s k'C(:,)S 8 C6)
Pv—od‘f' \CICC\) < SC@ I8

You A remowe all  <he eo(Je; anceclenf o §(5) o mobe
the groph oli's connected

k) = K (),

S S

=)

<t eo(jes




Recol| | For o groph G, the (ine groph L&) has vertex set £(6)
with e ond £ odjecent n LCa if ey share o ertex in VCG)

Whot s apath 'n LCG)Y?

e e, e, €6Cs) ¢t. @newty
e| (2% Q es ]_]C e1‘-l /\e\- /\efq .f:/@
et eé "(7‘&6#\ de[z'(?; e+
You end ufwi%apod:kﬁw € to €4
/I\\‘A G

Corollarj Let w ond v be vertices in G

(i) If (w,v) & £, then +the min number of vertices  distinct from w ond v Sepurvrting fronn . to v
s ezfua‘ ‘o bhe mox pumber o-f— tnter nall y vertexdlisjoint, wv poths in G.

T4 s &t 5
M f L L8, whvd(F

Pmo‘f—' SN T=Nw)
opply  Menger’s T heorem.

1) The min number of edges seporating from v dn G 75 equal b Yhe mox rumber of edge-digjoint puths between w ond v

Theorem | Global Menger

| A groph s kconnected ff 1t contains A wternally vertex—oisoint puihs between ony -wo vertices (and has ot lmst 2 vertites).
(b)| A grph is k-edge ~comected iff  betwem any odistinot wv “Yhere are b edge~dlisjoint pocths.

(C) I there are k internll




DQf A Hrail s a walk  with no re peated edges.

De

An Eulerion trail in o (muHi)ngh G is awlk in G Possfnj +hrough every edge exactly once - lf this wolk s closed , 1 is calld on Eulerion “towr-
Dﬁ"f; A connected Cmul‘bf)gmph has an Eulerion towr fﬁ each vertex hos even d?ree

Lemma Ew,ry mosimal “roil 15 on  eren mlﬁgmpk Is a closedl trui




Theorem

l-f G s Hamltmion , hen For omy roremply S VC6)

GI\S has ot ot S| connectedl  compononts

2 2 (comected) Hombboinn biportite graph has bipartitim A ond B hen [al=]e]
Lot S=& Thon G\S is indeodert set (eopy goph) of s of (B

By propuien,  [BI<ISI=A( = B cymuety JAISE > |A(=[F]

The condithon T bhe propesition s ot sufficient.

- A\

I:f G s an  n-verfer grph with ¢ (G Z_Qand "3, then G ts Hamiltian.







