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I Graphs

A graph is a pair G
= C V

,
E ) where V is a set called

vertex set and E is a set of unordered pairs in V . E is

called the edge set .

UCG ] = vertex set of GΔ E (G) = edge set of G

We will write (,
0 )fon
the edge { u, 03

(v , re)

1 G |=| V ( G ) |

e ( G) =| EcG) |

RemarB:sometimes re rwillharemulbipleedgesbetween e and v

Ionthatcase ,GGis a multigraph
We will sometimes have loops vwhich are edge (o . r )

A simple graph is one withoutloops and muttipleedges.

Def . - u . oEUCG) arecalledadjacentifCa ,VI EECG )
「

- An edge C GECG )isincident to VEVCG ) of vEe

- Edges e, e
' GECEG )areincidentif eme

'

≠ f

- If CU, V3 GEC) ,then wi ' saneighbourof



Exam ples
- V = set of people in room

E : pairs of people who met the first time today

- V = set of cities in a country
E = forom connection

- V = users oonFacebook

E : friends

3 a b

i
! e
af

.

I. 2 Graphisomormism 图同构

VCG, ) → v( G2)

f : G
,
→ G 2 is a groptsisomorphism

if it is a bijection from VCG , ) to VCG2 )

and CUV) E E (GI ) iff ( d ( n ) , ① (r ) ) EECG2 )

① ( 1 ) = a θ< 2 >= C

必 ( 3 ) = b φ ( 4) = d

Isomorphism is anequuivalence relaction
.

Unlabelled graph = isomorphisom class

l equeivanlenceofthe isomorphism relation 3
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3 Adjency and incidence matrix

Let G be a graph with vertex set [n] = { 1 , 2, 3 , … n}

The adjacency matrix ACG) is an Nxn matrix such that Aij
= { % iftigthernise(

a )

Note that Aij = Aji so A is symnetric . and real

so Ahasrealeigenvatres的特征值

1
.

0 1 0 0 0

了加了
!
0 ' " 0

G = ACG)=
。

! % ;
》

早 5
0 0 1 10

LetUCG) = {v , ,
v2
, …

n } andECG) = {e, , ea , … ,
Ean }

Then the incidence satrixBCG)is Mxrmmartrixsuchthat

Bij =
I

, if viGej{ 0
,
otherwise

Observation : every colurmn of 1B has two extries thatareeqruaal to 1

I
.
4 Degree

Given a vertEx WE UCG) , we write NCr) fomthesetofneighboursofv .

Nors is called the neighbour hood of v .

The degree ders I Ncuil

A vertex is isolated if dcv) = 0



diu ) is the number of Ieatriesintherowcorresponding

to v in A CG )
B (G)

了 d ( 1 ) = 3 d (4) =
1Example '

"
i

' "
d ( 2 ) =2

d (5 ) = 0
d ( 3 ) =2

Fact BBT = D +A where D =

?

"

品

".
0

:

o - -

.din

( BTij= 流 ” BiaBTcj

二鼠 BicBjk = 為 □ {vitea , jtea 了

: { dii
",

'

Eca)
, if its

, if izj

The minimum degnee of a graph G is the smallest deus over all VGG
mrx im um largest

δ CG3 = minimmom degree OEG) = maxitsmrm degoee

The average degree of G is dCG ) :dous
lucG ) |

A graph is d -regularif dou ) = dEVEVCG7 )

Q: Is there a - regular graph on 9vertices
?

Lemma: Vayd (v) = 2 eCG )



Proof:Eacheage CUV ) EEEG ) contributes 2 . to the sum 哥 dsus : once dous and

once in d ( v)
.

I
.
5 Subgraphs

A graph H = EU , F )is asubgraph of G = ( U , E )

if UEV and FEE 由于 graph 的定义 ,

F中夜贪 U中的点组成的 edge

Induced subgroaph:Foreach OEUCG )theinducedsasbgrapth GIUJ is the graph

with vertex set 0 and edges set { eEE(G ) : e ε U }

spamning susgrph:IfH : CU
. F ) is a subgraph of G =LVE ) and U = V them Itis the spanring

subgraps in G
in dused

、 ”
。

I
.

6 Complete graph

aKn complete graph on n vertices

We take alledgesbetween n vertices

e ( kn ) =
nan- 1 )

2

. En empty graph on vertices no edges .



. Biparte graph has towodisjoint set of vertices Vand U

such that trE UuV and every edge contains one vertox from U

and one ver tex fromV

.
- Complete Bipartite grapn
Knimhasallpossibleedgesbetweena setofsizein and

a set size of m

Examples
ka kan :

.

7
i' sbipartite

⑩
I
. 7 Walks

, paths , cycles

Def . Asequencevertices Cui vs , , Ue )
is a walk

if (vi , Vix , JEE ( G ) θ i ≤t 1

为
A walk Cui

, va , , Jeisa pathifU . ,ve are distinct



A cyde is a walkCUi- , Vel such that

vi = Vt and Vi ' … ,
Veyaredistinot

The length of a wals is the number of edges ( counted

multiple times for edges usedinmultipletimes) inthewack.

Proposition . Every walk from w to w contains a

path from u to V

- Proof : by induction
,

on the leagth of the walk

If length = 1
, it ' scorrec

Take a walk CVi
,
Vo

-
, Ue) from n to 0

Eithen this is a path on I iaj , such that Vi = uj

By removing the vertices Vi+ 1 , Vi+z ,
…

,Vj- 1

and
merge vi and Vj

you got a shorter woalkfromve to V



Proposition 1 .
33

Every graph G with minimum degree 8 22 contains

a path of length f and a ayohe of length at least df 1

Proof .

Letv , ,
uk be a longest path in G . Then

alltheneighboursofvemusebelong to v ,
- ,Wo
一

↓
sowe haneb1 y个可罷邻节

k二 →0F
1p蜗δ 否则这条 path

可以更长

度数不超过这个 由于 δCUK>≥ 2

Remark 所以 VK的邻节点 {
~6 - 1

V. , … Uie- 2
We have also proved that aa graph with 至少在 V. … …√kz 中选一个

mimimcumdegnee δ23 contains oycles of at least 那么长度最小的环一定是
δ- 1 I fferentengths.Thisfaact, and the

从 UK 开始往前找 δ clas 个
statementofPropI . 33 ,arebothtight; too see

连续的点
,
构成一个长度为

this , consider the complete graph G
= Ko+ 1

δ+ 1 的环

1 . 8 Connectivity 连通性

Definition : A graph G is connected if for all pairs
W. N GG ,there isapathin G fro

u to V
,



Note that it sufficesforthere tobe

walk from u to 0

:p
—

.:
E

conneeted not conneoted

Def .
A connected , component of G is a conmected

subgraph which is maximal with respeat to inclusion .

WesaythatG isconnectediff it has exactly
one component -

Proposition 1- 39
.

A graph with n vertices and medges has at least

n -m connected components.

1 - 9 Graph operations and parameters

Def , Given G = ( V, E)
,
the complement G of G is the

补图
定义

graph on the same vertex set V and Cu, V) EE (G )

iffCU,V ) GECG)



bf Adique in G is a complete subgmph in G

An independent set is an empty induced subgraph in G

Notation
. Let wCG ) be the number of vertices in a clique of

G of maximuonsize .

Let a CG 3 be the noumber of vertices in an independent set

of G of maxineuom size .

Claim : A vertex subset UE UCG) is a cligne in G
, iff UEUCGO

is con independent set in G

Corollary : We have WCG ) = CG )

and α (G ) =ω CG )
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Trees

2 . I
.

Trees

bef:A graph having no cyole is acychic .

A forest is an acyolic graph .

A tree is a connected acychic graph

A leaf is a vertex of degree I

Example dleat
!
8
00t8

Forest Forest /tree

Lemma 2. 3 .

Evary finite tree with at least 2 vertices has at least two(raves

Deleting a leaffromannrverbextreeproduces atreewithn - 1vertices .

U , W E G ! there
'

s a path between re and w

if r in the path .

d (r) ≥ 2

but r is a leaf , dov) t 1

so v can
'ttbe in any path . foralluiwE

G

so GGisstill connected
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2.Equiolantdefinition of trees

Theorem :For amvertexgraph GCm 2 l 2
,thefollowingareequivalent l and

characterize the trees with invertices

)GG is connecbed and has no ayoles

I osisconnectedandhasn-l adges

) G has n- 1edgesandnocycles

0 For every pair U. V E VCG )
,
there is exactly

DefAn edge of a graph is a cut - edge if its delection dis connects the gnaph

(
ome eir - path in G

Lemna An ealge contarined in a cycle is not a cat- edge
sproof: let eiv) belong to a aycle

any pathfromis to y
in GG which uses edge Lu, w )canbeextended

to a walk in GI cu ,o) .

In particulaar ,thisis awmalkin G 3 Cuus

对于 U心若有两条 patnP , Q
,

测 存在 cx , y ) ε P、 Q

则 POQ 1 sxy 了是一条x到 ly 的 malk



Def 2- 7 . Given a connected graph G , a spanning tree T is a subgrapn

of G which is a tree and contains every vertices of G .

Corollary 2 . 8

leverycomnectedgraphonn verticasthaasatleangtonIedges and comtains f spenningbree

( B) Everyedgeofa treeisa Gut-edge

) Addingcanealgeto a treereatesexactlyomeoyole.

2
.
3
. Cayley ' s formula

Question 2. 9

How manysRaanming trees are there in ann -verbexlabelbed complabe grayph

E*

哭 :
∴
,

θ
我

n= 4 degrees tt. → 4

or every
werbex hors degree ≤ 2

_--, → 岁=
Is10 inben

Theorem ( Cayley
'

s formula )

There are nn
-s

labelled trees on n-vertices .



Proof ua)

We will construot a bijeetion Betweedn - vertex labelled free and seguences

of lengthhon -
s

inthiahcachelementisinCan] .

Numbers of such sequuencesis
Mh-

Definition C Priifer code )

Let Tbe a troewhosevertexet is some ondered set S

of size n .

for exaumple , InJ

fCT ) is a sequence in sa
- 2

We delete the leaf whoselaubel is the smatiest Caomongthe leaves)

Call this vertex v
.

0 has unique neighbour in T .

The first element of fop ) is

defined as the labelof this neighbowr .

TheoniteratethiswithFU
.

Eventually , when we have 2 vertices leffinthetree we stop .

This defines a sequence FCT) in sn
- s

T= ' ---

-

! ∴
1 .

7
. 4 4 1

孓 1

(- 2) (
- 3 ) (-53 (-4) ( 6) (- 7



Proposition :

The mapTtsfCT)isa bijection between trees labeled s

and sn
- 2

proof:

By induction on n

n =2 Trivial u

N >2 : How to get a tree from a sequence

Car
,
ac

.
-

,
ann ) E gh

- a

Claim: If SCT) = (as , az ,
…

, Aos -2 ) then
.

{ a
, -
- , anrs ) is the set of non

-leaf
vertices in T

proof of claim : if o is a leaf , then we cannot remove

the unique neighbour of o before v fas they would disconnect

the graph ) .

Hence , V will not appear in the sequence

If o is not a leaf , them it has at least two

neighbours in T .

Before we remove w
,
we must remove at least one



neigh bour of o .

At that point , you add the laabel of o to the
sequence

Tre leaf of smoollestlabelisthemirimalelement in

the set S$ {a, - , anz 3
.

by claim ,
Henceiff (T )= ( a, … , an-z )

Then
,
the minimal leaf of Tistheminiomalelement

in 8 I {a , - -, anz3 , Call this NES

Then , let T
'
= T - √ Them

, fCT-v ) = [aa , … , an -z )

There is an ceniqme T ' Eby inductions withfuT' ) =Caz , -
, An-a

)

T must ise formed by attaching the edge ( v , G . ) to T !

一.

f = (7 , 4 , 4 ,
L
,
7 , 1 )fi, 7 on )

2 '

←
3

v= 5 5

v= 2
,

a72

fehi 7 , 1 )
f = ( 4 , 4 ,

1
, 7 , 1 )

V= 4
≈

骂
= 3 出 5 c71 )

小→ U= 6 营学
fcus
U= 7 管一笃



Recall



Def: Adirected graph ( digraph ) consists of a

vertex set and an edge set of ordered

pairs of vertices .

In - degree I Out -degree 入度 1出度

To each funotion f : [n] → [a ] ,

I will assigh a tree with two special vertices Land 1R

Given fran ) → [n ]

I wantto definea digraphGfonvertex sot In ]

by taking a directed edge
Ci
, foil for each it [a ]

Example :f = ( : Z ? 岁号 : : 4 号 )

Ʃ
ar =點吧
Every commected component heas as mormy edges as vertizes .

Leah vertex hasout- dagnee I )

Each compoment haas a uniqme oyhe .



pelete all cycles

We puta paorthontheverticesofthese aydes .

Let M Be the set of vertices is the ayde .

f definesa bijectionfromAM toitself

flan = ( fou
,

fo
""!") vicus

. si - aua

fcris , fouss - -

, Jurk) is a permutationof Us , . -… , uk .

Puut a path

"tins - i
.4

,

L



Connetivity

Def . In a connected graph G , a set SEVCG ) is a vertex

cautCorcut )ifGlsisdisconmeated .

Here GIS = G [ UCG31 s 了

If {r} is a ver bex cout , then ove say ois acectvertex .

Def. Agraph Gisk- connected if INCG3 I sk and if s is a vertex

set
,
then ( 1 ≥ k

Lie
, for every XEVCGof size at most K- 1

, GlX is conmected )

The contivity of G ,
denoted as K CG ) is the largest 1s such that

G is k- connected.

Example : KCKn ) = n - Im点完全图是的 - 1 联通的

K Ckm
. m
) = min Ca

, om ) 完全二分图 → 移除数量较小的一侧

I - comnected E3 comnected .

only for G with IUSG7 | > 1

Proposition For every gaphG , KCGJ
E δ CG )

proof "Weneed to prove that hither

we canremoveatmostOCG )vertices tomake the graph disconneceed

or | EG |←δ CG ]+ 1



Let w be a vertex of degree δCG 3

Let S= NCo) NowG 1s ismotcomnected.

vumless there ane noverticesin G ovutsideofIa UNC0 )

In the Bettr case , | G |☆ I +δ[G }

Remark Large minimums degnee does not imply large comnetivity .

For example. thwodisjointcopiesofkn

Theorem Every grapthofaveragedegree at least 4 s haas ak-copnectedsrbgmaph.
(Mader 1972)

proof



3 .
2

. edge connectivity

Def. Adisconnectingsetofedges is some FEECG )

such that
.

Gl F is not connected

GGiven S . T CUCG )
, we write IE .TJfor the

set of edgeswithoneendpointinSandthe other in T

An edge cut is a set of edges of the form

ES
,
5 ] for some nonempey and proper SCUCG 1

Remark Every edge- cut is disconneceing set .

Not every disconnecting set is am edge cut

But every minimal disconnecting set is an edge crt .

A graph is p- edge - connected if every discon necting set has size at least k .

The edge commectivity of G demobed a'CG) is the lamagest k seckthat.G is

k-edge connectedCEgu ) minimum size of a dis connecting

set is K( G 1)
.

A . disconnectingsetofsize
I iscalled a bridge.



Theorem For every graphG , wehave KCGJEKCG 3 E OEG 3

proofK 'CGE δ CG !

You con removealltheedgesincedent to OCG )tomok

the gruph disconnecbed
.

KG ) ≤ KCG )
.

s 5

Oo
x



Recall For a graph G , the line graph LLG) has verbex set ECG )

with e and f adjacent in LCG) if they share a vertex in VCG )

What is apath in LCG 3 ?

e
, ex , OREECG ) Et .eineit f 0

tfof.Ifeineinei t8
thea delete Oi

You end up with a

ine
,to ep .

Corollary Let veand obevertices in G

Ci ) If CU , N) EE, thentheminnumber ofverticesdistinctfromin and o separating from n to v

is equal tothe max rumbers of internallyvort-dexijointu -r paths in G .

若此, 心 EE
, 比到 V 的 min 内部顶—
~

大小 = max 比到 0 顶点不定路经 ,数量

删除这些点 , 比和心断开

proof : S= Niu) T= NCO]

apply Menger
'

s Theorem.

I The smimnumser of edgesseparatingve from v inG iseqrealto themaxmumber of edge -disjoint BoathsBetween nand v

从民到 v 的 min 边割 → max 比到 0 顶点不交路经 ,
数量

Theorem Global Menger

lA graph is B-connectediffit contains ointernallyvertex-digointpathsBetweenanytwovertices ( and ras at least 2 verbices ).

( B) A graph isk -edge-comected iff betweenanydistinote , 0 therearre k edge
-dizjoint paths .

CC ) If there are sintvernall



Def Atrail isawalkwith no repeated edges .

Def AnEuleriantrailina ( muttis graphG is awallkinG passingthrougheveryedgeexactlyonce. Ifthiswaskisclosed, itiscalled an Eulerian to

Def AconnectedCmuthi)graphhas an Eusleriamtoeriffeacsvertexharseven degree

Lemma Every maximaltrail isaanevenmauttigropth. is a Elosed trori

Q 上
⑦



Proposion If GisHamiltomian, thenforanynon-empty SCVCG )

GIS has at most I 8 l conmected components

ColleryIf a (conneched )HamiltoniamBipartite graph has bipartation A and 1B , then (A 1 = 1 B )

proofLeotSAThenGlS is independent set Cempty graphl of size of 1 B 1

By proposition , IBI ≤ 1 LLAI ⇒ ByymmetryIHIEB S AFBI

Remark The conditioninthepropositionisnotsufficient.

瓞
Theorem If Gisann- vertexgraphwithOCG )

2andn 23 , thenG isHamiltoian .




